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THERMODYNAMIC PROPERTIES OF POTASSIUM TO 2100" K 
by Sheldon Heimel 
Lewis Research Center  
SUMMARY 
Consistent thermodynamic properties of potassium from the melting point 
(336.35' K) to  2100' K were  computed for both the ideal and the real species and are 
presented in tabular form. 
follows: pressure, volume, heat capacity, enthalpy of vaporization and enthalpy, entropy 
of vaporization and entropy, fugacity-pressure ratio, virial coefficients (second, third, 
and fourth), compressibility factor, density, partial derivative of volume with respect to 
temperature at constant pressure,  and partial derivative of volume with respect to pres- 
s u r e  at constant temperature. 
The properties computed for .the ideal species (condensed phases, monomeric gas, 
and dimeric gas) a r e  heat capacity, enthalpy, entropy, and f ree  energy. 
The real-gas properties were computed from a virial  equation of state. The equation 
used existing second virial  coefficients based on the Rydberg potential. Third and fourth 
virial  coefficients exhibiting limited aspects of hard-sphere behavior were adjusted to  ex- 
perimental pressure-volume- temperature (PVT) data. 
The properties computed for the real monomeric vapor on the saturation line a r e  as 
INTRODUCTION 
Three a reas  requiring a reliable equation of state of the alkali metals a r e  
(1) Rankine-cycle engines, (2) radiation heat transfer in plasmas, and (3) calculation of 
transport  properties. In one study of the Rankine-cycle engine at the Lewis Research 
Center (ref. l), an equation of state for potassium was used to calculate the cri t ical  
weightflow rate in a nozzle. 
There are two recent virial  equations of state for potassium (refs. 2 to  5). These 
equations yield discrepant sets of thermodynamic properties. Therefore, the present 
work was performed to  eliminate the discrepancies by presenting an  improved equation. 
The improvement lies in the representation of each virial  coefficient (up to the fourth) by 
the "best" available potential model. 
Second virial  coefficients derived from the Rydberg potential (llOOo to 1600' K) were 
taken from reference 6. The dependencies of the third and fourth virial  coefficients on 
the second virial  coefficient were taken from the hard-sphere model (ref. 7). These de- 
pendencies correlate the experimental volumes (1127' to  1575' K) (refs. 2 to 4) better 
than analogous dependencies from the Lennard- Jones 12-6 potential (ref. 8). 
Analytic functions approximating the virial coefficients were used in the range from 
336.35' to  2100' K in order to extend the range of the equation of state beyond the range 
of the pressure-volume-temperature (PVT) data. In addition, smoothed vapor pressures  
over the entire experimental range of 372' to 2078' K (refs. 2 to  4, 9 to 11, and unpub- 
lished data of K. J. Bowles of Lewis) were used. The justification for this procedure is 
the reasonable trend shown by calculated heat capacities, fugacity-pressure ratios, and 
compressibility factors. 
The results of the analysis are as follows: 
(1) An improved equation of state is obtained for the temperature range 336.35' 
(2) Volumes, heats of vaporization, and isentropic expansion indexes derived from 
Tables of thermodynamic functions are presented for the ideal crystal, liquid, mo- 
to 2100' K. 
the equation a r e  in good agreement with experimental data. 
nomer, and dimer and for the rea l  monomer on the saturation line. 
THERMODYNAMIC PROPERTIES OF IDEAL SPECIES 
The thermodynamic properties of the condensed phases (crystal and liquid) and of 
the monomeric and dimeric gases are given in tables I, 11, and 111, respectively. These 
properties were obtained in the following manner. 
Crysta l  
The JANAF data (ref. 12) for the heat capacity at constant pressure for the standard 
state Co the sensible enthalpy for the standard state HG - H i ,  the entropy for the stan- 
dard state S; from 100' to 300' K were extrapolated to the melting point by the 
Lagrangian formula. (Superscript letter o indicates the ideal state. All symbols are 
defined in appendix A,) The melting point (336.35' K) and the heat of fusion of 558 cal- 
or ies  per mole (2334.67 J/mole) were taken from Douglas et al. (ref. 13). 
The arbi t rary base for assigning values to  the enthalpy of crystal  and liquid potas- 
sium (K) was a vdlue of zero  at 298.15' K (i. e.,  (Hgg8. 15)c = 0). Since table I gives 
per mole (-7083. 5 J/mole). 
P' 
as 1693.0 calories per mole (7083. 5 J/mole), (H:) = -1693.0 calories 
(Hi98. 15 - H$c C 
2 
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bNormal boiling point. 
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aThe reference element is crystal potassium below 336.35' K and 
above 336.35' K. 
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The  reference element is crystal potassium below 336.35' K and liquid potassium 
above 336.35' K. 
. . .. __ 
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Liq u id  
The following equations for the thermodynamic properties of the liquid in the range of 
338' to 1070° K were taken from reference 13: 
(H>, - (Hi)c = -231.40909 -F 8.8849061 T - 2.2831074XlO -3 T 2 -F 9. 792447X10-7 T3 (1) 
(2) (C") = 8.8849061 - 4 .5662147~10-~  T + 2.9377334XlO- 6 2  T 
P I  
(S;) = 20.458252 log T - 4 .5662147~10-~  T + 1. 4688667X10-6 T2 - 32.310079 (3) 
1 
The units for heat capacity and entropy are calories per mole per OK (4. 184 J/ 
(mo1e)eK)). Equation (1) agrees well with measurements from 1040°to 1329' K 
(refs. 2 to  4). 
Monomer and Dimer (Ideal Gases) 
The methods used to  compute the thermodynamic properties of the ideal monomer 
and the ideal dimer are the methods for monatomic and diatomic molecules described in 
reference 14. The energy levels for atomic potassium were  taken from reference 15. 
The molecular constants for the dimer were taken from reference 16 and are shown 
in table IV. The chemical energy of the monomer in its standard state H: can ( )monomer 
TABLE IV. - MOLECULAR CONSTANT$ FOR DIATOMIC POTASSIUM 
Molecular weight, g/mole . . . . . . . . . . . . . . . . . . . . . . . . . . .  78.204 
Symmetry number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 
Statistical weight . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
Electronic state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1z 
Zero-order vibrational frequency, We, cm-' . . . . . . . . . . . . . . . . .  
Anharmonicity constant, Wexe, cm-l  . . . . . . . . . . . . . . . . . . . . .  




0.000219 Vibration-rotation interaction constant, cye, cm-' . . . . . . . . . . . . . . .  
1 Spectroscopic constant for rotational stretching, De, cm- . . . . . . . . . .  8. 34X10-8 
aConstants from Herzberg (ref. 16). 
6 
I 
be computed from the relation 
-H:) = 19 703.3 cal/mole (82 438.6 J/mole) (Ho)monomer = (Hg) C - (aHg98)v + A(Hi98 V 
0 
where 
The chemical energy of the crystal  in its standard state Ho 
-1693.0 calories per mole (-7083. 5 J/mole). The average value of AHzg8 
21 184.6 calories per mole (88 636.4 J/mole) from table V. This value is the average of 
the apparent values resulting from the thermodynamic analysis presented herein. 
has been shown to equal ( o)c 
( O )v is 
TABLE V. - APPARENT VALUES OF 
ENTHALPY CHANGE ON EQUILIBRIUM 
VAPORIZATION TO 1 MOLE OF REAL 
MONOMER AT 298.15' K AS FUNC- 
TION O F  TEMPERATURE 






































aAverage (AHgg8), = 21 184.6 cal/mole; 
= 88 636.4 J/mole 
= 0.65 percent 
Spread = 136 cal (569 J) 
7 
From reference 17, 
= - 11 8 50 cal/mole; -49 580 J/mole 
monomer 
= -D: = (H:) 
dimer 
Therefore, 
= -11 850 + 2(19 703.3) = 27 556.6 cal/mole; 115 296.8 J/mole 0 
(Ho)dimer 
Heats of Formation and Equ i l i b r i um Constants 
Values for heats of formation of the ideal species from K (crystal and liquid) 
(i. e. ,  (AH;),) are given in tables I to III. For K2 (ideal gas) at 298.15' K, for example, 
The logarithms of the equilibrium constants for the type of reaction just discussed 
are also listed in tables I to III. The equilibrium constant gf for formation from the 
for  example, 
assigned reference element is obtained from the standard free-energy change 
by the following equation: 




The atomic weight, 39.102 grams per mole, was taken from Cameron and Wichers 
(ref. 18). The values of the universal gas constant R, 1.98717 calories per mole per OK 
(8.3143 J/(mole)(OK), the entropy constant, -3.664953, and the second radiation constant 
8 
hc/k, 1.43879 were computed from the constants given in reference 19. 
SELECTION OF REAL-GAS DATA 
The initial data considered in the thermodynamic analysis a r e  vapor pressures,  sec- 
ond virial  coefficients, heat of dissociation of dimer at 0' K, heats of vaporization, and 
volumes of vapor. Where it is appropriate, the manner of selecting these data is dis- 
cussed in the following paragraphs. 
Vapor Pressures 
References 2 to  4 present vapor pressures  measured with great care  from 1127' 
to  1575' K. Several s e t s  of data in the range from 372' to  2078' K a r e  also available. 
Each set  was combined with the data of references 2 t o  4 and fitted by the least-squares 
technique to a three-constant equation. Four of the se t s  did not increase the standard 
deviation of the data of references 2 to  4 appreciably. Therefore, these four sets 
(refs. 9 to  11 and Bowles' data) were pooled with the data of references 2 to  4 and yielded 
an  overall standard deviation of 1.43  percent. 
the raw data. The data of Buck and Pauly (ref. 21) and of Rigney et al. (ref. 22) are con- 
sidered acceptable but were  not available when the analysis was completed. 
The data of reference 20 were not used because of the uncertain corrections made t o  
Temperature, T, "K 
6 8 10 12 14 16 18 20 22 











Figure 1. - Smoothed experimental vapor pressures above l iqu id  potassium (336.35" to 2100" KI. 
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TABLE VI. - BOILING POINTS OF POTASSITJM FROM 































amom eq. (5) log 4625* 63 + 6.59817 - 0.700643 log T. 
The equation fitted to  the accepted vapor pressures  re fer red  to the standard pressure  
2 Po of 1 atmosphere ( 1 . 0 1 3 2 5 ~ 1 0 ~  N/m ) is 
loo(:)=- 4625' + 6. 59817 - 0.700643 log T (5) 
Figure 1 and table VI present the smoothed experimental vapor pressures  of liquid potas- 
sium from this equation as a function of the boiling points. 
Heat of Dissociat ion of Dimer at 0" K and Second V i r i a l  Coeff icients 
The heat of dissociation of the dimer Do" at 0' K and the second virial coefficients 
can be related by the following expressions 
-B = RTgdimer ization (ref. 6) 
AFT ( ')dimerization = -RT In $dimerization (ref. 23) 
and the identity 




Dg = -(AH:) 
dimerization 
Therefor e, 
''dimerization 1 r: - A(F; -;: -B = RT exp 
Equation (6) was used to  calculate values of the second virial  coefficient B from 
D: = 11 850 calories per mole (49 580 J/mole) (ref. 17) and values of F: - H: for the 
ideal monomer and dimer. These values of B may be compared with the two latest sets 
in the literature, those from Davies et al. (ref. 6) and those from Ewing et al. (ref. 2 
to 4). 
Davies et al. calculated values of B from two estimates of the potential energy 
curve for the interaction of ground-state K atoms, one from the Rydberg potential and 
the other from an adjusted Rydberg potential. Ewing et al. obtained values of B graph- 
ically from their  PVT data. 
to  favor the average of Davies? two sets. 
1 











Second virial coefficient -B, cc/mole, from - 
Eq. (6) for a 
dissociation 
energy DO 






























'The Rydberg potential is "the most realistic three-parameter diatomic potential 
energy function that is available at present" (ref. 24). It uses  spectroscopic values of 
D;, equilibrium internuclear separations, and vibrational frequencies. 
11 
Therefore, a curve f i t  of the average values of B was used in the analysis. The equa- 
tion selected was of the following form: 
a 
T 
lOg(-B) = - + b + c log T (7) 
The method of least squares  yielded the constants 
a = 2943.72 
b = -2. 52548 
c = 1.13330 
Heat of Vaporization of Liquid and Volume of Vapor 
Achener (ref. 9) reported direct  measurements of the heat of vaporization of liquid 
potassium in the range 815Oto 1315' K. 
volumes of the saturated vapor in the range 1127' to 1575' K. 
Ewing et al. (refs. 2 to 4) have measured the 
DEVELOPMENT OF VlRlAL EQUATION OF STATE 
If it is assumed that potassium vapor exists as an  ideal monomer, it can be shown 
that third-law heats of vaporization at some reference temperature vary appreciably with 
the temperature at which the vapor pressure was measured. For example, substituting 
the fitted vapor pressures  from equation (5) and the values for sensible free-energy 
changes for vaporization to  the ideal monomer into the third-law expression 
yields heats of vaporization of 20 850, 20 557, 20 010, and 19 146 calories per mole 
(87 236, 86 010, 83 722, and 80 107 J/mole) at 500°, 1000°, 1500°, and 2000' K, respec- 
tively. This nonideality can be explained by assuming either that the vapor consists of 
more than one molecular species or that it is a monatomic imperfect gas. 
correlate the experimental vapor pressures  satisfactorily. Since the properties of the 
Preliminary analysis in t e r m s  of an  ideal mixture of monomer and dimer did not 
12 
higher polymers of potassium a r e  not known, the mixture approach was not pursued any 
further. Therefore, the vapor was treated as an  imperfect gas. 
Formulat ion of T h i r d  and F o u r t h  V i r i a l  Coeff icients 
The virial  equation of state, to the number of t e r m s  used in the present work, 
(8) 
2 3 P V = R T + B P + C P  + D P  
describes the deviations from ideality in t e rms  of the virial  coefficients B, C, and D, 
which are functions of T. 
It is necessary t o  express B, C, and D as explicit functions of T in order  to  use  
the equation of state (eq. (8)) directly. Unfortunately, an  explicit function based on a 
realist ic potential (ref. 6) is available only for B (i. e., eq. (7)). One way to overcome 
this difficulty is to assume relations of the following type: 
T" 
and to substitute these relations into equation (8). Then the constants dl, d2, m, n, q, 
and r could be fitted to the PVT data (refs. 2 to  4). 
The preceding empirical approach was improved by deriving values of m, n, q, and 
r from two l e s s  realistic potentials, the Lennard-Jones 12-6 (ref. 7) and the hard- 
sphere (ref. 8) potentials. 
of constants derived from the Lennard-Jones potential is m = 8. 5561, n = -10.056, 
q = 12.359, and r = -13.093. For the hard-sphere potential, the constants are m = 2, 
n = 1, q = 3, and r = 2. 
In this way, only the scale factors d l  and d2 were fitted to  the PVT data. The set 
For this potential, equations (sa) and (9b) simplify to 
klB2 c=-  
T 
13 
The hard-sphere relation reproduces the experimental volumes (refs. 2 t o  4) some- 
what better than the Lennard- Jones relation (0.75 percent standard deviation against 
2.20 percent). Either potential provides a good representation of the experimental heats 
of vaporization (ref. 9) (3. 11 percent standard deviation against 3.25 percent). 
Table VI1 compares the two models with respect to fugacity-pressure ratio f/F, heat 
capacity C 
From 1000° to 2000' K, either potential yields a gradual variation for f/P, C 
However, between 800' and 1000° K, the Lennard-Jones potential shows a sharp decrease 
in C 
P' 
and isentropic expansion index ys. Figure 2 shows the variation in C P' 
and ys. P' 
and a sharp  increase in ys. 
P 
TABLE VII. - COMPARISON O F  THERMODYNAMIC PROPERTIES FROM LENNARD-JONES 12-6 


























Real-gas heat capacity ai 

































Real-gas heat capacity a. 
































On the other hand, the hard-sphere relation shows a gradual variation in all three 
properties over the entire range of temperatures. Therefore, the hard-sphere relation 
probably gives a better description of the properties of potassium vapor. 
This conclusion does not imply that potassium is a hard-sphere gas. It may indicate 
that, when the Rydberg potential curves for  higher interactions a r e  eventually determined, 
the expressions for C and D will show dependencies on B which a r e  similar to  those 
for  a hard-sphere gas. 
14 
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sphere potential) 
Lennard-Jones potential 
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800 1000 1200 1400 1600 1800 
Temperature, T, "K 
Figure 2. - Comparison of calculated heat capacities of saturated vapor. 
Hard-Sphere Expressions Used fo r  H igher  V i r i a l  Coeff icients 
Equation (7) derived from Davies' second virial  coefficients can be expressed as 
Expressing B in calories per mole per atmosphere (4. 12929X10-5 J/(mole)(N/m 2 )) 
yields 
B = c1 10 a/T TC 
where 
c1 = -0. O24217256X1Ob 
Substituting equations (10) into equation (8) resul ts  in 
15 
B2P2 B3P3 PV = RT + BP + k,  -+ kn -1 
I T  T2 
Further substitution of equation (lla) into equation (12) yields 
PV = RT + c1 1 O a l T  T C P  + c2 10 2a/T T2c-1p2 + c3 10 3a/T T 3 ~ - 2  p3 
where 
2 c2 = klCl 
(14b) 
c3 = k2c1 3 
With the values of a, b, and c (and therefore cl) determined from Davies' second virial  
coefficients, the constants c2 and c3 were fitted to  the PVT data. The curve-fitting 
process yielded 
9 ~2 = -2. 55216x10- 
and 
c3 = 2.41943XlO- 13 
Fitting equation (8) yields 
5 c1 = -7.22185XlO- 
Therefore, 
k l  = -0.489340 
and 
16 
k2 = -0.642345 
Thus, the final recommended equation of state becomes 
2943' 72/T T1' 13330 p - 2. 55216~10-' 10 5887.44/T T1. 26660 p2 PV=RT - 7 . 2 2 1 8 5 ~ 1 0 - ~  10 
(15) 
13 108831. 16/TT1. 39990 p3 + 2.41943X10- 
Consistency Test for Equation of State 
It is necessary to  calculate the heat of vaporization at 298. 15O K as a function of tem- 
perature in order to  check the consistency of the calculated properties from equation (15). 
The basic equation for a real gas obeying equation (8) is 
( F -  F o ) T = R T l n P + B P + - + - - -  CP2 DP3 
2 3 
which is derived in appendix B. The relative f r e e  energy (F - Fo)T is the constant- 
temperature free energy of the real gas relative to the f ree  energy of the ideal gas. 
The quantity Q, defined in reference 5 as 
Q E -A(Fo T - *:98), - RT In P 
can be simply related to  the virial  coefficients in the following manner. The ideal f ree  
energy of vaporization is defined as 
On the saturation line, equilibrium demands 
If it is assumed that the condensed phase is in its standard state, 
Substituting equation (20) into equation (18) yields 
and substituting equation (21) into equation (17) yields 
0 - RT In P + (..ig8) 
V 
Q = (F - )T, monomer 
Substituting equation (16) into equation (22) gives 
Using equations (10) resul ts  in 
kl B2P2 k2 B 3 3  P = Q -  B P - -  - - -  -
V 2 T  T2 
k H i 9 8 )  (24) 
Since kl and k2 have already been determined by fitting the PVT data (112'7' to 
1575' K) to equation (12), it is a simple matter to compute apparent values of  AH^^^)^. 
must be a compromise 
because there  is only a small  interval (llOOo to 1300' K) that includes experimental 
values of both the vapor volume and the heat capacity of the liquid. A representative av- 
erage probably could be obtained by a small  extrapolation of volumes to  900' K (i. e . ,  
using eq. (13)) and a small  extrapolation of the cubic equation for heat capacity (eq. (2)) to 
this way, from 900' to l l O O o  K, experimental enthalpies were combined with extrapolated 
volumes, and, from 1300' to 1400' K, extrapolated enthalpies were combined with exper- 
imental volumes. 
The choice of a reasonable interval for averaging 
1400' K. The interval from 900' to 1400' K was thus chosen for averaging 
Table V shows the  variation in apparent values of as a function of temper- 
ature. The maximum difference is 0.65 percent, with an average value of 21 184.6 cal- 
or ies  per mole (88 636.4 J/mole). 
REAL-GAS PROPERTIES ON SATURATION LINE 
Table VIII presents calculated real-gas properties on the saturation line at assigned 
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TABLE Vm. - THERMODYNAMIC PROPERTIES OF REAL MONOMER GAS ON SATURATION LINE 
P r e s s u r e  































3 . 8 5 6 9 2 ~ 1 0 - ~  
3 . 7 5 5 8 3 ~ 1 0 - ~  
3. 92504X10-3 
j.05489X10-2 
2.  44746x10-1 
7. 42360XlO-1 
1. oooolxioo 
1 . 8 2 8 6 3 ~ 1 0 ~  
3 , 8 5 5 4 5 ~ 1 0 ~  
7 .  21497X1Oo 
1. 22982X101 
1. 94587X101 
5 .  89875X101 
1 . 1 0 9 8 3 ~ 1 0 ~  








2.  32015X101' 
2.01864X1011 
1 . 4 3 3 4 5 ~ 1 0 ~  
5 . 5 8 8 9 3 ~ 1 0 ~  
5. 7O606X1O6 
1 .  O5570x1O6 
2 . 8 8 9 0 2 ~ 1 0 ~  
1 . 0 3 6 3 4 ~ 1 0 ~  
7 . 8 7 3 9 2 ~ 1 0 ~  
4 . 5 1 5 8 6 ~ 1 0 ~  
2.  27353X104 
1.27796X104 
7. 82923x1O3 
5. 1 3 7 5 1 ~ 1 0 ~  
3. 56476x1O3 
2.  59O2lx1O3 




























- 1 . 2 3 0 5 3 5 ~ 1 0 ~  
- 6 . 0 6 3 7 2 5 ~ 1 0 ~  
- 2 . 6 3 4 5 4 8 ~ 1 0 ~  
- 3 . 3 8 2 2 1 5 ~ 1 0 ~  
-8. 0202O7X1O4 
-2.781269X104 
- 1 . 2 3 9 8 3 5 ~ 1 0 ~  
-6. 5787O4X1O3 
- 5 . 5 5 7 5 5 9 ~ 1 0 ~  
-3. 957669X103 
-2. 6137O1x1O3 







- 1 . 0 8 7 5 8 6 ~ 1 0 ~  
- 5 . 4 9 1 0 6 3 ~ 1 0 ~  




- 5 . 9 2 8 5 9 7 ~ 1 0 ~ ~  
- 1 . 4 3 9 6 0 5 ~ 1 0 ~ ~  


































































3 . 7 0 3 8 8 9 ~ 1 0 - ~  
1 . 3 5 3 4 6 7 ~ 1 0 - ~  




3 . 0 5 9 7 3 2 ~ 1 0 - ~  
4 . 9 9 4 3 6 2 ~ 1 0 - ~  






3 . 8 8 0 1 9 l ~ l O - ~  






























1 . 0 4 0 7 4 1 ~ 1 0 ~  
3 . 6 6 2 3 6 9 ~ 1 0 ~  
2. 77O519X1O0 
1. 5 7 5 6 9 2 ~ 1 0 ~  
7. 844476x10-1 
4. 352644x10-1 
2 . 6 2 2 3 0 4 ~ 1 0 - ~  
1. 683745X10-1 
1. 136799x10-1 

















































to  1 mole of 
ea1 monomer 























Fourth virial  
coefficient, 





9. 5 6 2 0 5 2 ~ 1 0 ~ ~  
8 . 4 7 0 5 8 3 ~ 1 0 ~ ~  
1. 265444X1Ol5 
2 . 7 5 5 1 2 0 ~ 1 0 ~ ~  
7 . 9 3 5 7 8 2 ~ 1 0 ~ ~  
2 . 8 2 9 2 8 5 ~ 1 0 ~ ~  






5 . 1 3 0 1 4 4 ~ 1 0 ~ ~  
3.731686X1O1' 
































































to  1 mole of 
ea1 monomer 



























( J v / n ) ,  
cm3/(moleXoK' 
1 . 6 7 2 2 8 9 ~ 1 0 ~  
1 . 2 2 8 3 2 2 ~ 1 0 ~  



































































- 4 . 7 2 3 9 3 0 ~ 1 0 ~ '  
-3. O08377X1O1' 
-1. 217337X101' 
-1. 5 5 5 2 7 3 ~ 1 0 ~  
- 1 . 4 1 2 3 5 5 ~ 1 0 ~  
aMelting point. 
bNormal boiling point. 
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temperatures from 336.35’ to 2100’ K. These values are computed by the use of equa- 
tion (5) for the vapor pressures  and of equation (15), the derived equation of state. De- 
tails of the calculations are given in the following paragraphs. 
V i r i a l  Coeff ic ients 
The virial coefficients from equation (15) are in calories per mole per atmosphere 
10 J/(mole)(N/m2)2) for C and in calories per mole per cubic at- 
9 
mosphere (4.02 199x10- J/(mole) (N/m2) ”) for D. Th,” values given in table VIII have 
3 3 Y 3 been converted to units of (cm /mole) and (cm /mole) , respectively, in order to con- 
form to the usual virial  equation: 
BV cv DV E= 1 +-+-+- 
RT v2 v3 
The conversion is accomplished by the following equations from reference 25: 
V B = B  
C - B V  2 
V C =  
RT 
DV - 3BVCV + 2BV 3 
m2 
D =  
Volume, Entropy, Enthalpy, and Heat Capacity 
The volumes a r e  calculated at assigned temperatures from equation (15) by use of 
the smoothed experimental vapor pressures.  The fugacity-pressure ratio f/P is calcu- 
lated from equation (B9). 
The relative functions (S - SqT,  (H - H?,, and (Cp - C:)T are calculated from 
equations ( B l l ) ,  (B12), and (B13). Adding the relative functions to the corresponding I 





H z ( H - H ) ~ + H ~  0 0 
T 
c = (cp- co + c o  
P P)T P 
It is necessary to calculate H i  for the ideal monomer as follows, in order  to  com- 
pute the function HT for the real monomer: 
Since (H; - Hig8) has already been calculated for the ideal monomer (table 11, p. 4), 
Enthalpy of Vaporization and Entropy of Vaporization 
The enthalpy of vaporization in calories per mole (4. 184 J/mole) is simply 
The entropy of vaporization, in calories per mole per OK (4. 184 J/(mole)(OK)) is calcu- 
lated from the expression 
The use  of this expression in the real-gas table implies the use of the apparent values of 
@Hig8),. However, this use  is necessary to  meet the requirement of a ze ro  Gibbs free 




Since the volume V of the rea l  gas is in cubic centimeters per mole of monomer 
(39.102 g), the density is p = 39.102/V in grams per cubic centimeter. 
Vo I u me-Te m pe ra t  u r e  and Vo I u me - Press u r e  Coeff icients 
The volume-temperature coefficient (aV/aT)p and the volume-pressure coefficient 
(aV/aP)T are needed to compute the isentropic expansion index (eq. (29)) and also the co- 
efficients of thermal expansion and compressibility as follows (ref. 23): 
and 
= 
Solving equation (8) for  V and differentiating with respect to P at constant T yield 
RT 2 V = -  + B + C P  + D P  
P 
and 
(g)T = -pz RT + C + 2DP 
Differentiating V with respect to T at consta,nt P resul ts  in 
P dT dT dT 
Differentiating equations (10) gives 
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dC _ 2C dB - c 
dT B dT T 
dD- 3D dB 2D 
dT B dT T 
_ _ - - - -  
Substituting equations (27) into equation (26) yields 
R dB + 2PC dB + 3P2D dB - PC - 2P2D +-- -~-- __ ~ 
(%)p=, dT B dT B dT T T 
(I3 + 2CP + 3DP2) - 2 (C + 2PD) 
T 
Isent rop ic  Expansion Index 
The isentropic expansion index is defined (ref. 1) as 
v ap 
P avs  Y s  = -- (-) 
where 
Simple substitution of T, C 
yields the isentropic expansion index. 
equation (25), and equation (28) into equation (29) 
P’ 
COMPARISON OF CALCULATED REAL-GAS PROPERTIES WITH EXPERIMENTAL 
DATA AND ANOTHER ANALYSIS 
The real-gas properties presented compare favorably with the experimental data and 
the calculated heat capacity appears to show a more reasonable trend with temperature 
than the result  of an empirical analysis (ref. 2) as shown in the following paragraphs. 
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Enthalpy of Vaporization and Entropy of Vaporization 
Figure 3 compares Achener's (ref. 9) experimental enthalpies of vaporization with 
those computed herein and those computed by Ewing (ref. 2). 
parison for the entropies of vaporization. 
Figure 4 is a similar com- 
I I I I I I  
+ Experimental data (ref. 9 ) -  
-__ Ewing analysis (ref. 2) 




Temperature, T, O K  
Figure 3. - Comparison of calculated a n d  experimental heats of vaporization. 
4 
.- 
I I I t - - r  I 
-4- Experimental data 
(refs. 2 to 4) 
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Temperature, T, "K 
Figure 4. - Comparison of calculated and  experimental entropies of vaporization. 
24 
The two sets of calculated heats of vaporization agree very well and differ from ex- 
periment by about 3. 5 percent (maximum). The entropies show a similar trend. 
Volume 
When the choice of a potential function for the higher virial  coefficients was dis- 
cussed in the section DEVELOPMENT OF VLRIAL EQUATION OF STATE, the author ex- 
plained that the constants kl and k2 were fitted to  the volumes, vapor pressures ,  and 
virial  coefficients. The heats of vaporization were  not fitted because their formulation 
not only involves the virial  coefficients but a lso their  derivatives with respect to temper- 
a ture  (cf eq. (B12)). It is therefore not surprising that the volumes deviated less from 
experiment than did the heats of vaporization (0.75 percent against 3. 11 percent). 
Isentropic Expansion Index 
Goldman (ref. 1) reported experimental expansion indexes y, varying from 1.33 

















0 Exoerimental data - - 
(refs. 2 to 
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of s ta te  of the present work, y, 
values of 1.434 at 1000° K and 
1.436 at l l O O o  K were computed. 
Compressibi I ity Factor 
Figure 5 compares Ewing's 
nine experimental compressibility 
factors Z (ref. 2) with those com- 
puted by Ewing et al. (ref. 2) and 
those computed herein. Some of 
the experimental compressibility 
factors are closer to Ewing's curve, 
some are closer t o  the present 
curve, and a few agree well with 
either curve. In view of the scat ter  
of the experimental points, neither 
set of calculated compressibility 
factors appears t o  be superior. 
Figure 5. - Comparison of calculated and experimental compressibility factors. 
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Heat Capacity 
Figure 2 and table VII illustrate the agreement of the hard-sphere and Lennard- 
Jones models in predicting a gradual increase in C 
1500' K, followed by a gentle decline. On the other hand, Ewing's analysis predicts a 
gradual rise to 1200' K, a gradual decline to 1500' K, and then a sharp increase. The 
agreement of both potential models in this region tends to  confirm a gradual change in 
C in this temperature range. 




The method of analysis used herein, fitting of pressure-volume-temperature (PVT) 
data, may be compared with a n  alternative method of Hicks in which volumes are traded 
off with free energies (PI?" data). 
and the properties of the liquid (specific heat, enthalpy, entropy, and Gibbs free energy), 
and only slightly perturbs the experimental volumes. The disadvantage of this approach 
is that it does not guarantee a temperature-independent value of enthalpy change on equi- 
librium vaporization to 1 mole of real monomer at 298' K (AHig8)v (eq. (23)). However, 
this variation in ( AH298 ), is small  compared with the variation obtained by assuming 
ideal behavior. For example, between 1000° and 1400' K, @Hig8), for the ideal gas 
varies from 20 557 to 20 119 calories per mole (86 010 to 84 178 J/mole), whereas for 
the real gas, it varies from 21 223 to 21 120 calories per mole (88 797 to 88 366 J/mole). 
The variation has thus been reduced by 75 percent. 
The method of Hicks for  fitting pressure, free energy, and temperature does yield a 
constant @Hig8) , but applying it to  the present set of initial data caused a 9. 5-percent 
deviation in volume and approximately a 15-percent deviation in vapor pressures below 
800' K. On the whole, therefore, the PVT fit does a better job than the PFT fi t .  
obtained through this analysis at temperatures 
The advantages of the PVT f i t  are that it preserves the experimental vapor pressures  
V 
The variation of apparent @Hig8) 
1. Truncation of the virial expansion at the fourth coefficient 
2. Assumption that the higher coefficients a r e  simple functions of the second virial 
3. Discrepancies in the experimental data. 
The third and fourth virial coefficients of the present analysis depart markedly from 
V 
from 1127' to  1575' K may be caused by 
coefficient . 
hard-sphere behavior (ref. 7) in two ways: First, the scale factors differ as follows: 
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Fit to PVT data (present work): 
Cv = 0.0276 BV 2 
DV = -4.454 BV 3 
Theoretical hard- sphere model: 
C = 0.625BV 2
V 
D = 0.2869 BV 3 
V 
where BV, Cv, and DV are the second, third, and fourth virial  coefficients, respec- 
tively. Second, and of more  importance, in the hard-sphere model the virial  coefficients 
are independent of temperature, whereas Cv and DV of the present analysis depend 
strongly on temperature. This dependence is caused by the fact that B is a function of 
temperature (eq. (7)). 
Lewis Research Center, 
National Aeronautics and Space Administration, 
Cleveland, Ohio, June 16, 1967, 


















second virial coefficient, 
cal/(mole) (atm); 
J/(mole) (N/m2) 
rotational constant, cm-' 
second virial coefficient, 
3 cm /mole 
constant 
third virial coefficient, 
cal/(mole) (atm) ; 
J/(moW (N/m 1 
2 
2 2  




standard- state heat capacity 
at constant pressure, 
cal/(mole)(OK); 
J/(mole) (OK) 




fourth virial coefficient, 
cal/(mole) (atm) 3 ; 
z 3  
J/(moW (N/m ) 
spectroscopic constant for 
rotational stretching, 
cm - 1  











H g  - Ho 0




Gibbs free energy 
Gibbs free energy of real  gas 
at To K, cal/mole; J/mole 
standard state at To K, 
cal/m ol e; J/mol e 
Gibbs f ree  energy at 0' K, 
sensible f ree  energy for 
cal/m ol e; J/mol e 
standard free-energy change 
Gibbs free-energy change on 
vaporization to 1 mole of 
rea l  monomer at TO K, 
cal/mole; J/mole 
2 fugacity, atm; N/m 
gas phase 
enthalpy 
enthalpy of real gas to To K, 
cal/mole; J/mole 
sum of standard- state sensi- 
ble enthalpy at To K and 
chemical energy at 0' K 
for standard state, 
ca l/mo le; J/mole 
dard state at To K, 
cal/mole; J/mole 
sensible enthalpy for stan- 
AH; 
chemical energy at 0' K for 
standard state, cal/mole; 
J/mole 
enthalpy change for formation 
of substance from element in 
atomic gas state at TO K, 
cal/mole; J/mole 
(.H;), enthalpy change for formation 
of substance from assigned 
reference element at TO K, 
cal/mole; J/mole 
(AHT) enthalpy change on equilibrium 
vaporization to  1 mole of 
rea l  monomer at TO K, 
ca l/m ol e; J/mole 
(AH$)v enthalpy change on equilibrium 
vaporization to  1 mole of 
ideal monomer at To K, 
cal/mole; J/mole 
hc/k second radiation constant 
& equilibrium constant for reac- 
tion of formation from ele- 
ment in atomic gas state 
equilibrium constant for r eac- 
tion of formation from as- 











absolute pressure,  atm; N/m 
standard pressure, 1 atm; 
2 










Y S  




universal gas constant, 
1.98717 cal/(mole)(OK), 
82.0560 1 (cm3)(atm)/(mole) (OK); 
8. 3143 J/(mole)(OK) 
constant 
entropy of rea l  gas, 
entropy of real gas at TO K, 
cal/(mole)(OK); J/(mole) (OK) 
cal/(mole)(OK); J/(mole) (OK) 
cal/(mole) (OK); J/(mole) (OK) 
entropy for standard state, 
entropy change on equilibrium 
vaporization to 1 mole of rea l  
monomer at TO K, 
cal/(mole) (OK); J/(mole) (OK) 
entropy change on equilibrium 
vaporization to  1 mole of 
ideal monomer at To K, 
cal/mole; J/m ole 
absolute temperature, OK 
3 volume, cm /mole 
compressibility factor; PV/RT 
coefficient of thermal expansion, 
(OK)- 
vibration- r otation interaction 
constant for diatomic mole- 
cule, cm - 1  
isentropic expansion index, 
(a In P/a h p ) s  
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I 
K coefficient of compressi- 
bility, atm-l;  (N/m 2 ) -l 
3 P density of vapor, g/cm 
zero- order vibrational fre- e 0 
quency for diatomic mole- 
cule, cm 






cond condensed- phase property 
f formation from assigned ref- 
erence element 
1 liquid 
P constant pressure change 
S constant entropy change 
sat quantity at saturation 
T constant temperature change 
V change on equilibrium vapor- 
0 quantity at 0' K 
Superscript : 
0 standard state 




DERIVATION OF RELATIVE FUNCTIONS AND FUGACITY 
Relative Free Energy, (F - F o ) ~  
For a system of constant composition, 
d F = V d P - S d T  
and 
(g)T = 
For 1 mole of ideal gas, V = RT/P, so that integration of equation (Bl) gives 
where the integration constant Fo depends only on the temperature and nature of the gas. 
For a real gas, the fugacity f is defined by the equation 
F = R T l n f + F o  033) 
A s  the actual pressure P approaches zero (i. e. , as the real gas approximates ideal be- 
havior), f / P  approaches l. 
To determine f ,  differentiate equation (B3) and utilize equation (Bl) to obtain 
a In f 
= = RT(T)T 
At a definite temperature, 
RT d In f = V d P  




RT d In P = -dP  
Subtracting equation (B6) from equation (B5) yields 
RT d In($) = (V - y ) d P  
Integrating between the pressures  zero  and P gives 
Because f/P approaches 1 at low pressures  
RT In f = RT In P + 1' RT d P  038) 
The integral must be evaluated either graphically or analytically to  evaluate the fu- 
gacity. Solving the equation of state for (PV - RT)/P and substituting this expression 
into equation (B8) give 
RT l n f  = RT In P + Jp (B + CP + DP2)dP 
or 
CP2 DP3 RT In f = RT In P + BP +- +- 
2 3 
From equation (B3) 
RT l n f  = F - Fo 
Substituting equation (B 10) into equation (B9) yields 
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CP2 DP3 (F - Fo)T = RT In I? + BP +- +- 
2 3 
which is equation (16) of the main text. 
Relative Entropy ( S  - SolT 
For a system of constant composition, 
Differentiating equation (16) yields 
Relative Enthalpy (H - H o ) ~  
Since F = H - TS, 
H - Ho = (F - Fo) + T(S - So) 
CP2 DP3 ( dB dC P2 dD P3\ = RT In P + BP + -+-- T R In P + -  P +- -+- -
2 3 \  dT dT 2 dT 3 )  
dC P2 = B - T - P +  C - T -  - +  D - T -  - ( ::) ( dT) 2 ( g) I;" 
33 
Relative Heat Capacity (C - Co) 
p P T  
The relative heat capacity is simply obtained by differentiation of equation (B12) 
34 
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